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Abstract

We present a noise-free numerical method to analytically model and derive interaction forces between
ions, based on two detectable and fully distinguishable phase transitions in the ab-initio calculated total
energies. We use Ionic Liquids as a playground for our numerical scheme with electronic charge densities
calculated at MP2-level and atomic separation (contact) area calculated by means of Bader’s Quantum
Theory of Atoms In Molecules. We show that four different, physics-driven methods give similar results,
independently of the system or the approaching direction. Moreover, the so-derived load-dependent sepa-
ration (contact) area recovers basics physical models, bridging directly the atomistic and the macroscopic
length scales.

Keywords: physics-driven modeling, load-dependent ab-initio separation (contact) area, multiscale,
ionic liquids

1. Introduction

More than fifty-five years ago, with the introduction of the density-functional theory (DFT) [1, 2], a
radically novel and revolutionary epoch has been started in both quantum mechanics and computational
chemistry. This is furthermore extensively used in the entire community of natural sciences and it was
also honoured in 1998 with the Nobel Prize awarded to Walter Kohn for the development of the DFT
theory and to John A. Pople for the development of computational quantum chemistry methods [3, 4].
Probably, one of the biggest advantages of DFT is its universality, namely that it is equally well applicable
for any realization of matter, from atoms, to molecules up to liquids and solids, e.g. , and, additionally,
for any of these particular systems at least a couple of highly accurate and available implementations of
the DFT exist [5]. With these implementations, one of the central DFT quantities, i.e. the electronic
(charge) density, minimizing the total energy of the considered system, is also determined in a parameter-
free (ab-initio) and self-consistent manner [6]. By calculating the gradient of the so obtained electronic
density, then one can completely characterize the nanoscopic system of interest from a topological point
of view within the Quantum Theory of Atoms in Molecules (QTAIM) by R. F. W. Bader [7, 8, 9].

With this in turn, it opens the opportunity to numerically estimate the separation area between atoms
in contact and its dependence on distance [10]. In a way, the present study is a direct continuation of the
latter paper by one of the authors, with the main goal of determining the load dependence of the atomic
contact area, and it can be seen also as a quantum mechanical foundation of the nanoscopic contact area
estimation within classical molecular dynamics (MD) by the same author of the present ones [11].

In spite of the continuously increasing power of computers, however, ab-initio calculations still remain
expensive for an exhaustive scan of the configuration space and, simultaneously, of the high-dimensional
Potential Energy Surface (PES) of a molecule. Therefore, physics-driven modelling of interactions are
necessary to avoid imprecise numerical differentiation of the ab-initio total energy and still accurately
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determine the corresponding interaction forces towards the derivation of the load dependence of the
separation area between ions.

In this work, we consider ionic liquids (IL) [12] as model systems for testing our theory. These are
composed of organic cations and inorganic anions and exist in liquid phase in a narrow window around
room temperature. The combination of different cations and anions allows a huge design potential and to
tailor application specific compounds. Indeed, ILs find applications in many different application areas
based on their tunable structure and properties: from lubricant additives [13, 14] to green alternatives to
traditional solvents [15], to organic catalysis [16] or supercritical fluid applications [17]. ILs are difficult
to characterize both from the experimental and from the theoretical point of view [18]. Charge transfer
amongst ions was investigated at DFT level leading to contrasting results [19, 20]. These calculations
open the door to the centuries old problem concerning the origins of friction. Atomic-scale friction was
investigated in an earlier studies[21, 22, 23], where real-contact areas were calculated from electronic
contributions on a pure ab-initio basis.

The paper is organized as follows: Sec. 2 proposes our novel physics-driven fitting procedure of
interaction amongst general ionic systems. The procedure can be applied to non-ionic systems as well.
We introduce three different phases and two intermediate phase transitions. We also derive four different
methods for the central phase, the one where it makes sense to speak of a non-vanishing contact area
between two molecules. Sec. 3 introduces the details of the numerical study and specifics about ab-initio
calculations, together with data management aspects. In Sec. 4 we report on the results of our strategy
and discuss how our derivation agrees both with numerical results and with macroscale models. Sec. 5
contains conclusions and potential outlook. All technical details and convergence study with respect to
the ab-initio calculations are given in the supplementary information (SI).

2. Physics-driven fitting

Numerical determination of the interaction energy between ions is a demanding task and the determi-
nation of forces from numerical values could be very noisy, especially close to structural phase transitions.
Therefore, a physics-driven fitting of the total energy to analytical expressions is a solution for accurately
determining the interaction forces across different interaction regimes. Since the studied systems here
consist of differently charged molecules, long-range Coulomb interactions are present. Additionally, at
relatively large distances one should also take into account the van der Waals (vdW) interaction, while
at moderate to short distances between the ions a Lennard-Jones (LJ) potential is essential to properly
describe the interaction. Thus, in this study, the total energy will be decomposed into these three types
of contribution, namely Coulomb, vdW and LJ, exactly in this order.

Since the LJ interaction can be differently parametrized, in the following, four possible sets of LJ
parameters will be determined and only the LJ force resulting from the most accurate parametrization
with respect to the coefficient of determination R2 will be then further used.

Considering a nanoscopic system consisting of two distinguishable objects / bodies, e.g. , an anion
and a cation of an ionic liquid , for which both the total energy Etot(r) and the separation / contact
area Ac(r) have been determined quantum mechanically as a function of the radial distance r between
the ions. We can think to r as the distance of the center of masses of the two components. To obtain
the load-dependent contact area Ac(L) between ions (which is in practice a much more pragmatic and
widely used quantity), one has to calculate the load:

L = −dEtot(r)

dr
. (1)

An accurate numerical differentiation of Etot(r) would require the knowledge of the total energy for a
large amount of radial positions. From a computational point view, it is much more efficient to first
fit Etot(r) – using its value at a modest number of radial distances – to an analytically provided model
function, which has to be set, based on the physics happening within the nanoscopic system, and then
to apply Eq. (1) for obtaining analytically the load L.

For this, we proceed as follows. Observing that three physically different interaction regions can be
distinguished, two characteristic transition distances can be introduced. In the large r phase, or separable
phase, the two bodies are far away from each other and hence totally separable. The contact surface is
zero. As the bodies approaches each other, the separation radius reaches a value where the two bodies are
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no longer separable, though they are still distinguishable from one another. We dub this value the jump-
to-contact (j2c) distance or dj2c . This corresponds to the point where the contact area Ac(r) between
the ions, which is the order parameter of the transition, is not vanishing for the first time. We define
this the distinguishable phase, and this is the phase where our derivation is more significant. The ionic
charge of the two ions remains close to ±e, with e being the elementary charge of a single electron. As
the ions move further close to one another, a second phase transition occurs at a radial distance defined
as jump-to-merge (j2m) or dj2m , below which the two objects cannot be distinguished and are merged
into a single body, or into an indistinguishable phase. In this phase, it makes no longer sense to speak of
two different objects, their ionic charges strongly differ from ±e. Loads corresponding to total energies
at radial distances within (0, dj2m] ⊂ R+ will be completely omitted from our discussion, since within
the indistinguishable domain, the separation area between them (our major interest in the present work)
is not defined.

With all these in mind, it becomes clear that the total energy of the system minus the energies of the
isolated objects, which in the case of an IL corresponds to the interaction energy between the ions, has at
least three components, namely the Coulomb energy due to the charges of involved ions, the long-range
van der Waals energy, and a remaining part for which a plausible physical approach has to be made,
e.g. to be Lennard-Jones type. This latter part of the energy is more important in the distinguishable
phase and is the central part of this study, because it models the domain where the separation area
between the objects, say ions, is of finite, non-zero value.

2.1. Elimination of the van der Waals background
In a first step, one extracts from the total energy of the system Etot(r), the long-range Coulomb

interaction energy EC(r) and calculates:

EnC(r) = Etot(r)− EC(r) , ∀r ∈ R+ (2)

where:
EC(r) =

1

4πϵ0

qa qc
r

, (3)

with qa and qc being the total charges of the ions as obtained by integrating the quantum mechanically
calculated charge densities. Note that the Coulomb force derived from Eq. (3),

FC(r) = −dEC(r)

dr
=

1

4πϵ0

qa qc
r2

(4)

is a constitutive part of the load L introduced in Eq. (1). Now, the remaining part of the total energy
EnC(r) has to be separately modelled in accordance with the undergoing physics in three phases of the
radial distance r.

Quite obviously, for large radial distances r > dj2c , the nanoscopic system should behave like a purely
vdW system, i.e. , the non-Coulomb part of the total energy and the relative derived force ∀r ∈ [dj2c, +∞)
are given by:

EvdW(r) =
CvdW

r6
, ∀r ∈ [dj2c, +∞) (5)

and
FvdW(r) = −dEvdW(r)

dr
=

6

r7
CvdW . (6)

To evaluate CvdW ∈ R, supposing that the non-Coulomb part of the total energy in Eq. (2) is known
at the radial positions ri ∈ [dj2c, +∞) where i = 1, . . . , NvdW, namely EnC(ri) ≡ E

(nC)
i . Let us impose

that CvdW minimizes the chi-square merit function of unity weights set for the model vdW function from
Eq. (5),

χ2 (CvdW) =

NvdW∑
i=1

[EnC(ri)− EvdW(ri)]
2
=

NvdW∑
i=1

(
E

(nC)
i − CvdW

r6i

)2

(7)

and hence:

CvdW =

NvdW∑
i=1

E
(nC)
i

r6i
NvdW∑
i=1

1

r12i

. (8)
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Thus, the elimination of the vdW background from the non-Coulombic part of the interaction energy
is achieved by considering

EnC−vdW(r) = EnC(r)− EvdW(dj2c) ≡ E(r) , for ∀r ∈ (dj2m, dj2c] . (9)

Note that in Eq. (9) we choose a constant shift EvdW(dj2c) = const. and not a radial-dependent
value for EvdW(r) as introduced in Eq. (5) for the reason becoming clear in the immediate next section.
Moreover, if |EnC(dj2c)− EvdW(dj2c)| is relatively large, i.e. , the quantum mechanically calculated non-
Coulomb part of the total energy at the jump-to-contact EnC(dj2c) visibly differs from the value of the
model vdW function at the same place EvdW(dj2c), then one could use min [EnC(dj2c), EvdW(dj2c)] for
the constant energy-shift in Eq. (9).

2.2. Lennard-Jones fitting
In the following, E(r) defined in Eq. (9) is fitted to the generalized m-n Lennard-Jones potential:

E
(m̸=n)
LJ (r) =

E0

m− n

[
m

(
d0
r

)n

− n

(
d0
r

)m]
, m, n ∈ N+ . (10)

Accordingly, if the initial vdW character of the nanoscopic system persists also when r ∈ (dmtl, dj2c], then
it will show up in the results of the m-n LJ fitting too. Otherwise, the system changes its character from
a purely vdW to a LJ one (which has no vdW part), i.e. the separable to distinguishable phase transition
is occurring. The corresponding force:

F
(m̸=n)
LJ (r) = −

dE
(m̸=n)
LJ (r)

dr
=

mn

m− n

E0

d0

[(
d0
r

)n+1

−
(
d0
r

)m+1
]

(11)

vanishes for r = d0, which is the equilibrium distance within the nanoscopic system with E0 being the
depth of the potential well.

Similarly to the elimination of the vdW background, knowing E(ri) ≡ Ei in Eq. (9) for a finite number
of radial distances in the distinguishable phase ri ∈ (dmtl, dj2c], where i = 1, . . . , NLJ, and for a given
pair of natural numbers m and n, we introduce the chi-square merit function to be minimized in order
to get the best (m,n) combination:

χ2
m,n =

NLJ∑
i=1

[
E(ri)− E

(m̸=n)
LJ (ri)

]2
(12)

With this in mind, both real-valued parameters E0 and d0 in Eq. (10) can be easily derived, and one
could straightforwardly obtain m and n by properly applying a non-linear fitting scheme.

Alternatively, one can rewrite Eq. (10) as follows:

E
(m̸=n)
LJ (r) =

ALJ

rn
− BLJ

rm
, with ALJ, BLJ ∈ R . (13)

Indeed, also the parameters ALJ and BLJ are determined by imposing that they minimize the appropriate
chi-square merit function of unity weights, namely:

χ2
m,n (ALJ, BLJ) =

NLJ∑
i=1

[
E(ri)− E

(m̸=n)
LJ (ri)

]2
=

NLJ∑
i=1

(
Ei −

ALJ

rni
+

BLJ

rmi

)2

. (14)

In this manner, one immediately obtains:
ALJ =

S1S22 − S2S12

∆

BLJ =
S2S11 − S1S21

∆

, with ∆ = S11S22 − S12S21 , (15)
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where involved summations are:
S11 = +

NvdW∑
i=1

1

r2ni

S22 = −
NvdW∑
i=1

1

r2mi

, S12 = −
NvdW∑
i=1

1

rm+n
i

= −S21 and


S1 =

NvdW∑
i=1

Ei

rni

S2 =

NvdW∑
i=1

Ei

rmi

. (16)

It is also shown that the so estimated fitting parameters ALJ and BLJ have the accuracy as specified by
the squared standard deviations and covariances:

σ2
ALJ

=
S22

∆

σ2
BLJ

=
S11

∆

and


cALJ,BLJ = −S12

∆

cBLJ,ALJ
= −S21

∆

. (17)

Accordingly, the proposed m-n LJ fitting scheme consists the following steps:

• calculation of ALJ and BLJ using Eqs. (15) and (16) together with the corresponding goodness-of-fit
χ2
m,n (ALJ, BLJ), recall Eq. (14), the absolute errors σALJ

and σBLJ
as square root of variances and

the covariance cALJ,BLJ = −cBLJ,ALJ , see Eq. (17), for all pairs (m,n) ∈ N2
+ of interest, for example,

for m, n = 1, 2, . . . , 20 (m ̸= n);

• selection of m and n as those which produce the smallest χ2
m,n (ALJ, BLJ), then fix ALJ ± σALJ

and
BLJ ± σBLJ

for the LJ contribution to the load

F
(m̸=n)
LJ (r) = n

ALJ

rn+1
−m

BLJ

rm+1
(18)

• finally, one should also verify how accurately provides

d0 =

(
n

m

ALJ

BLJ

) 1

n−m (19)

the equilibrium distance of the two constitutive objects bodies and

E0 =
m− n

m
ALJ d

−n
0 =

m− n

n
BLJ d

−m
0 (20)

the energy minimum of the nanoscopic system.

Recall that loads corresponding to the total energies at radial distances in (0, dmtl] ⊂ R+ are com-
pletely omitted from our discussion because within this domain, the two initially separate objects / bodies
cannot be distinguished and hence the separation / contact area between them (our major interest in the
present work) is not defined / available.

Lastly, when m = n, Eq. (10) can be rewritten as:

E
(m=n)
LJ (r) = lim

n→m
E

(m̸=n)
LJ (r)

=E0

[
1− n ln

(
d0
r

)](
d0
r

)n

=
aLJ
rn

− bLJ
ln r

rn
, with aLJ, bLJ ∈ R

(21)

such that:

aLJ = E0(1− n ln d0)d
n
0 (22)

bLJ = −nE0d
n
0 , (23)
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or alternatively:

d0 = exp

(
1

n
+

aLJ
bLJ

)
(24)

E0 = −bLJ
n

exp

[
−
(
1 + n

aLJ
bLJ

)]
(25)

and accordingly:

F
(m=n)
LJ (r) =−

dE
(m=n)
LJ (r)

dr

=− n2E0 ln

(
d0
r

)
dn0
rn+1

=n
aLJ
rn+1

+
bLJ
rn+1

(1− n ln r) .

(26)

Similarly to the previous case of m ̸= n, having E(ri) ≡ Ei in Eq. (9) for a finite number of radial
distances ri ∈ (dmtl, dj2c], where i = 1, . . . , NLJ, now, for a given value of m = n, the parameters aLJ
and bLJ are directly resulting from the minimization of the following chi-square merit function with unity
weights:

χ2
m=n (aLJ, bLJ) =

NLJ∑
i=1

[
E(ri)− E

(m=n)
LJ (ri)

]2
=

NLJ∑
i=1

(
Ei −

aLJ
rni

+ bLJ
ln ri
rni

)2

, (27)

i.e. : 
aLJ =

S1s22 − s2s12
δ

bLJ =
s2s11 − S1s21

δ

, with δ = S11s22 − s12s21 , (28)

where S11 and S1 are as introduced in Eq. (16):

s22 = −
NLJ∑
i=1

ln2 ri
r2ni

, s12 = −
NLJ∑
i=1

ln ri
r2ni

= −s21 and s2 =

NLJ∑
i=1

Ei
ln ri
rni

. (29)

Finally, the accuracy of the so obtained fitting parameters aLJ and bLJ is given by the squared standard
deviations and covariances:

σ2
aLJ

=
s22
δ

σ2
bLJ

=
S11

δ

and


caLJ,bLJ

= −s12
δ

cbLJ,aLJ
= −s21

δ

. (30)

In view of all these possibilities, one can follow four different LJ fitting strategies and compare them
in their accuracy, see Tab. 1.

LJ1: E0 and d0 in Eq. (10) are set to the lowest interaction energy and corresponding radial distance
between ions from numerical calculations. The pair of exponents (m,n) is then determined to be
the one which minimizes the corresponding merit function χ2

m,n in Eq. (12) and/or maximizes the
relativ coefficient of determination R2.

LJ2: Differs from the previous LJ1-strategy in only that both E0 and d0 are also varied on a grid around
their ab-initio obtained values, until χ2

m,n(E0, d0) reaches its minimum for every pair of (m,n)
separately. At the end then one gets that combination of E0, d0, m and n for which the merit
function χ2

m,n(E0, d0) achieves its overall lowest value. Precisely, we uniformly varied d0 and E0 on
an grid of 20x20 values in the range of ±1Å and ±0.5 Ha around the numerical values corresponding
to the energy well minimum.

LJ3: This is the implementation of the LJ parametrization from Eq. (13) along with Eqs. (14) – (16)
and Eq. (17), which yields ALJ and BLJ for that pair of (m,n) which provides the lowest possible
minimum of χ2

m,n(ALJ , BLJ) Eq. (14).
LJ4: It is the counterpart of LJ3 for m = n, recall Eq. (21), and using Eqs. (27) – (30).
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3. Computational details

3.1. Configurations
For the purpose of this study, two ionic liquids were considered, namely 1-Ethyl-3-methylimidazolium

tetrafluoroborate (EMIM-BF4) and 1-Ethyl-3-methylimidazolium hexafluorophosphate (EMIM-PF6), see
Fig. 2. These ILs consist of the same cation (EMIM) and a different anion (BF4 or PF6) respectively.
The cation consists of a five-membered imidazole derivate ring with two nitrogen and three carbon atoms,
with an ethyl and methyl groups connected at the two nitrogen atoms. The geometry of the anions is
symmetrical, therefore reducing the number of degrees of freedom and thus the complexity of this study.
On the other hand, the cation has a quasi-planar geometry and therefore interacts on a different way
with the anion, depending on the approach direction.

For a complete characterisation of their interaction energies, a three-dimensional Potential Energy
Surface needs to be calculated. A geometrical constraint was imposed to reduce the number of variables
on the Potential Energy Surface (PES) from 3*N to 3, with N being the number of atoms. For the
representation of the different configurations in a three-dimensional space, a polar coordinate system was
implemented. For the cation, the reference system was set according to the C atom in between the two N
atoms in the imidazole ring (C1), the C atom closer to the ethyl chain (C2), the N atom between C1 and
C2. For the anion the central atom, i.e. B and P for BF4 and PF6 respectively, were taken as reference.
The distance between C1 and the central anion atom was evaluated as the radial distance between the
ions. This distance is equivalent to the distance between center of masses of the two ions in the separable
phase, while these two diverge in the distinguishable phase. We finally selected the latter over the former
as it led to a reduction of numerical noise. The azimuth angle Θ was defined as the angle between C1-C2

and the central anion atom and the longitudinal angle Φ was set equal to the dihedral angle between
C1-C2-N and the central anion atom. This triplet of spherical coordinates (r, Θ, Φ) is representing a
single point in the PES. Note that the coordinate values were constrained in our calculations while the
positions of all the other atoms in the molecules were relaxed. The full PES is shown in the SI. Here we
show only results for two selected directions, representing the relative positions on opposing sides of the
y-axis. This means that the system was analyzed here only when the anion is approaching the cation
either from the -y direction or from the +y direction.

3.2. Ab-initio calculations
All ab-initio calculations in this study were performed with Gamess (US) [24, 25]. All considered

systems were simulated in the gas phase, within a restricted Hartree-Fock closed-shell, fully occupied,
scheme. Structural optimization was carried out within DFT with the Pople’s “triple split” and 6 Gaussian
6 − 311+G∗∗ basis set [26, 27, 28, 29] and the B3LYP functional [30, 31, 32, 33]. More details as
well as a convergence study are presented in the SI. The gradient convergence tolerance was set to
10−4 Hartree/Bohr. The Grimme’s empirical DFT-D3(BJ) dispersion correction involving scaled vdW
terms was used [34]. Total energies were calculated on top of DFT optimized geometries within the
Møller–Plesset perturbation theory at the second order (MP2).

The manifolds representing the atoms and molecules were obtained by partitioning the charge density
according to Bader’s QTAIM. Within QTAIM, each atomic manifold is represented by a 3D object
centered around the nuclei. This atomic basin is bounded by the so-called inter-atomic surface (IAS)
which is of “zero-flux" for the electronic charge density and could take up any convex shape [35]. Therefore,
the calculation of any atomic properties is performed by integration over the corresponding atomic basin.
The so resulting atomic properties are highly dependent on the accuracy of the basin integration method
and by the choice of the basin quadrature. Accordingly, all calculations were set here to achieve a high
numerical accuracy by increasing the maximum atomic integration radius (set to 20 a.u.), the basin
quadrature points (set to “Sky High”) and the fineness of the IAS mesh (set to “Very Fine”).

Having the topological partitioning of the molecules into atoms, the separation area between the anion
and the cation is defined as the sum of the inter-atomic surfaces between the atoms which belong to the
anion (BF4 or PF6) and the cation (EMIM).

Computationally, the Atoms in Molecules (AIM) analysis of the ionic systems was realized by using the
Aimall software package [36]. The wavefunctions of the ionic systems resulting from MP2 calculations
were directly used as input for AIM analysis. This topological analysis of the electronic charge density
performed with Aimall provides the following properties of our interest: the Bader charges calculated
for each atom, their volumes and surface area, and the inter-atomic surface areas between all pairs of
atoms connected by a bond-path.
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3.3. Data management
In order to handle and manage the data flow and the numerical calculations, a database was built

to track and couple the computational results obtained with Gamess and Aimall. On top of these, a
Python interface was implemented, which includes the numerical methods described in the theoretical
part, e.g. , to analyze the various type of interactions within the ionic system.

We used a sqlight3 relational database built using Django [37] – a high-level Python Web framework.
Within this framework, one can use Django to build the database and integrate it in the Python scripts
used for post-processing of data. In addition, since numerical calculations are prone to convergence errors
and are very sensitive to the choice of some input parameters, the database is also storing the relevant
metadata of each run. More information is given in the SI.

4. Load-dependent separation area between ions

In this section, we are reporting the numerical results in Tabs. 1 and 2, as obtained by using our
physics-driven fitting method from Sec. 2, in order to deduce the functional dependence of the separation
area Ac(r) on the interaction force (or load) between the ions. This modeling strategy is primarily moti-
vated by the fact that ab-initio calculations are quite expensive for a numerically accurate determination
of the load without any supplementary hypothesis and they can be very noisy. Indeed, by inspecting
Fig. 1, where the ab-initio total energies for the two considered ionic systems are compared with the
corresponding forces directly calculated by numerical differentiation (the numpy.gradient() method
was used), it becomes obvious that these forces are too noisy and with a strong tendency for oscillations.
Thus, numerical differentiation of the ab-initio total energy is an unreliable scheme for extracting the
underlying physical mechanisms, as well as for the up-scaling of the forces to be used in molecular dy-
namics simulations, for example. In this Fig. 1 and in all the following ones, red and blue (colors online)
refer to EMIM-BF4 and EMIM-PF6 , respectively, while triangles are oriented in accordance with the
approaching direction of the two ions, namely +y or −y, as described in Sec. 3.1.

In view of all these, it is not a surprise that in Fig. 5, where the total interaction energy is decomposed
into its Coulomb and non-Coulomb parts, one can also clearly identify the two distances dj2m and dj2c of
ionic phase transitions, see vertical dotted lines. The Coulomb part of the total energies was determined
by using the Bader charges from our QTAIM analysis, which in turn was performed for wavefunctions
resulting from MP2 calculations. Unfortunately, Mulliken charges are strongly basis-dependent quantities
and yield spurious charge transfers which are not known to happen - more details are given in the SI.
In contrast to Mulliken charges, in Fig. 5 it can be seen that the Bader charge of the anion and cation
remains constant within a window of ± 0.03e (with e being the elementary charge) around -1e and 1e,
respectively, exactly as known from chemistry textbooks, and this until the distance between the ions
reaches values close to dj2m where it approaches ± 0.1e. An even more pronounced change of the charge
values is then observed as the ions further approach each other in the indistinguishable phase. This can
be potentially attributed to numerical inaccuracies in the AIM-analysis, as well as the ill defined notion
of distinguishable ions at very small distances. Furthermore, Fig. 5 is also confirming that the Coulomb
interaction is dominant for ionic systems. At the same time, it should be noted that our methodology
is equally applicable to non-ionic systems too by skipping this first step of decomposition of the total
energy.

Dealing with non-overlapping Bader manifolds above dj2c , the systems energetically are turning from
ionic into molecular ones after the subtraction of the Coulomb contribution, i.e. , at large separation
distances when r > dj2c, the interacting molecules should behave as purely van der Waals particles.
Therefore, in a next step, we eliminate the van der Waals background from the non-Coulomb part of
the total energy by closely following the procedure given in Eqs. (5) - (8). This does not mean that the
vdW contribution could not persist below dj2c too, but that its eventual further existence within the
distinguishable phase too has to be confirmed separately. For this, one has to consider the four Lennard-
Jones fitting schemes provided in Sec. 2.2, and look in Tab. 1 for the occurrence of m = 6 and/or n = 6,
e.g. , LJ3 lines while approaching of ions along +y in both systems. Before starting the LJ-fittings,
however, one is shifting the non-Coulomb part of the total energy EnC(r) to zero at dj2c by means of
Eq.(9), namely by subtracting the constant value of EvdW(dj2c) from this. It can be also observed that
an extrapolation of EnC−vdW(r) ≡ E(r) beyond dj2c by using the fitting parameters from Tab. 1, yields
negligible values for r > dj2c, confirming once again that the molecules at large separation distances are
predominantly of vdW character - as shown also in Fig. 6.
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In Fig. 6 all obtained m-n LJ potentials are plotted for r > 0 by fitting E(r) = EnC−vdW(r) in Eq. (9)
with r ∈ (dmtl, dj2c] ⊂ R+ to the forms given in Eqs.(10), (13) and (21), recall Tab. 1. The results
listed in Tab. 1, e.g. , m and n which are also included in the legend of Fig. 6, are all providing the
highest coefficients of determination R2. For sake of completeness, in this Tab. 1 it is also given the
value of merit function, as another measure for the goodness of fit, i.e. χ2 as introduced in Eqs.(12), (14)
and (27) for the numerically determined fitting parameters using ab-initio MP2-results. Interestingly,
independently of the type of the EMIM-based IL, the best LJ-potentials are those which have m = 7 and
n = 8 for the approaching along the negative y-axis, and m = 5 and n = 6 (i.e. , with a surviving vdW
interaction) for the approaching of ions along the positive y-axis, thus within the region of non-vanishing
separation area, the interaction between the ions is only depending on their relative orientation. Note that
only combinations of exponents 5, 6 and 7 are typically found for ILs in the literature by fitting EnC(r)
without removing the vdW background. [38] In addition, previous molecular dynamics studies of model
ILs represented by coarse-grained particles have typically employed exponents of 12 and 6 [39, 40, 41, 42].
Going beyond the exponent values, our fitting procedure also produces the equilibrium distance d0 and
minimum energy E0 of the nanoscopic system. Previous coarse grained studies [39, 40] have applied a
comparable equilibrium distance of 8.4 Å, however the minimum interaction energies were weaker by
more that 3 orders of magnitude compared to real ion pairs. Such a discrepancy was necessary for
obtaining a liquid phase at room temperature conditions as the coarse-grained geometry of the ions in
combination with point charges strongly promotes crystallisation compared to real ILs. Nevertheless,
out fitting method can provide insights for the development of coarse-grained models that can represent
actual ILs at a reduced computational cost.

Also interesting in Tab. 1 is that m = n = 5, 6, 7 and 8 provided by the LJ4-fitting have the same
R2 as those for the LJ3 fitting, and these single terms are not necessarily those which are dominating
the m ̸= n cases. This means, that it is also possible to suppress one LJ-type interaction by taking the
limit of m = n, and the term which is persisting to exist is that one, which describes mostly the leading
interaction and its physics. Furthermore, the exponent of this particular m = n LJ-potential could allow
one also to distinguish between ions and their relative orientation.

Nevertheless, in the following, the parameters of m ̸= n LJ3 fitting will be used to separately access
both the repulsive and attractive parts of the interaction potential, and accordingly also in Eqs.(11),
(18) and (26) for the computation of the LJ-forces. Since the so modelled energy well matches the ab-
initio total energy as shown in Fig. 7a, our methodology suffices for reproducing the main features of
the potential energy surface in case of ionic systems. Furthermore, the forces analytically resulting from
these energies, see Fig. 7b, are significantly smoother in their radial dependence than the numerically
derived ones n Fig. 1 with a single slight discontinuity at dj2c . Therefore, these forces can now be used
to determine the load dependence of the separation area between the ions.

The separation area A between the ions is determined based on Bader’s QTAIM for the same set
of radial distances for which the ab-initio total energies were calculated, see Fig. 8a (left panel), and
on a first glance seems to vary almost linearly with the distance between the ions. Knowing also the
interaction force (load) L between the ions on the same radial grid by analytically differentiating the ab-
initio total energy fitted to various functional dependencies, like vdW and LJ, the load-dependence of the
separation area A(L) ≡ A immediately results as shown in Fig. 8a (right panel). By closely inspecting the
load dependence of the separation area, recall the inset in Fig. 8a (right panel), it becomes immediately
evident the similarity of our ab-initio A(L) with the load-dependence of the real contact area within the
macroscopic adhesive contact model by Johnson, Kendall and Roberts (JKR) [43, 44]. In some extent,
this could be expected, since the validity of the JKR-model on the nanoscale was experimentally proven
by measuring the friction force against the load in an atomic force microscope (AFM) [45], and applying
the Bowden-Tabor kinetic friction law to relate the friction force to the load-dependent contact area -
shown also to be valid at nanoscale in dry sliding conditions [46, 47]. What is surprising, however, is that
exactly the JKR-model seems to formally describe also for the load dependence of the ab-initio separation
area between the ions. Indeed, considering the load L0 in the vicinity of dj2c , where A(L0) ≡ A0 has a
tiny non-vanishing positive value, as reference, the left panels of Fig. 8b directly confirms that

ln
A

A0
= γ + β ln

L

L0
. (31)

Namely, that the separation area between the ions follows a power-law dependence on the load, i.e. ,

A(L) = αLβ , with α =
A0 e

γ

Lβ
0

, (32)
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where β = 1 / 10 with R2 > 93 and 74 % for EMIM-BF4 and EMIM-PF6 , respectively, recall Tab. 2.
In contrast to the universality of β, the prefactor α in Eq. (32), see its value in Tab. 2, is distinguishing
between the ILs and direction of approaching, respectively. Having this common value of the exponent
β different than 2 / 3, it is again a clear evidence for the non-Hertzian character of the contact between
the ionic Bader manifolds. Unfortunately, the confirmed JKR-contact between ions forming ILs gives
no hints on the upscaling, namely how the load dependence of the total ab-initio separation area for an
ensemble of ions could be.
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5. Summary and Conclusions

This research paper highlighted a noise-free numerical method to analytically model and derive inter-
action forces between ions. The numerical determination of the interaction energy between ions is usually
quite challenging and the resulting numerical noise close to relevant points such as the jump to contact
of the two molecules hinders the proper calculation of the respective forces. The strategy in this research
paper was to decompose the interaction energy in three major contributions namely the Coulomb-, the
van der Waals- and Lennard-Jones interaction and to apply a physics-driven fitting procedure of the total
energy to analytical formulae to finally calculate the forces. For this we used two ionic liquids EMIM-BF4
and EMIM-PF6 as model sytems. The following conclusions can be drawn:

• The presented approach can filter out the numerical noise from the data and allows for a quantified
and fundamental study of the interaction forces in ionic systems. However, the approach can be also
transferred to non-ionic system if the first step of the decomposition of the total energy is skipped.

• The shown procedure clearly highlights the existence of a universal behaviour independent of the
system studied, the directions and fitting method. In this particular case, independent of the
EMIM-based ionic liquid, the Lennard-Jones potential results in coefficients m = 7 and n = 8 along
the negative y-axis and additionally m = 5 as well n = 6 along the positive y-axis. This actually
means that within the region of non-vanishing separation area, the interaction between the ions of
the ionic liquids only depend on their relative orientation.

• The load dependent ab-initio separation area A(L) has significant similarities with the load depen-
dence of the real contact area within the macroscopic adhesive contact model by Johnson, Kendall
and Roberts (JKR model). Interestingly, the JKR model seems to properly describe also the load
dependence of the ab-initio separation between the ions thus connecting the macroscopic world with
the atomistic level.

These calculations shed some light onto the centuries old problems concerning the origins of friction
and the research presented may contribute to a better understanding for the design of additive molecules
and therefore improvements in the operation and longevity of machine elements as a future outlook.
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System dir. Fit α β γ R2

EMIM-BF4 +y
LJ3 19.8546 0.1036 0.0238 0.9560
LJ4 19.9639 0.0985 0.0141 0.9323

EMIM-BF4 -y LJ3 18.3312 0.1168 -0.0282 0.9843
LJ4 18.6337 0.1036 -0.0613 0.8199

EMIM-PF6 +y
LJ3 25.2752 0.0989 0.1937 0.8334
LJ4 25.4356 0.0939 0.1695 0.8077

EMIM-PF6 -y LJ3 22.3955 0.1254 -0.0618 0.8458
LJ4 22.8929 0.1087 -0.0958 0.7410

Table 2: Fitting parameters for Ac(r) vs Load from Eqs. (31) and (32).
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Figure 1: Ab-initio interaction energies (left axis, full circles, light colors) and forces between the ions (right axis, open
triangles, dark colors) obtained by using second order central differences within the numpy.gradient function. Top row
shows calculated data for EMIM-BF4 (red), whereas the bottom row for EMIM-PF6 (blue). Data in left (+y) and right
(-y) columns are corresponding to two approaching directions of the anion towards the cation as specified by the orientation
of triangles.

Balls-stick representation of
EMIM-BF4 .

Bader’s manifold of EMIM-
BF4 .

Balls-stick representation of
EMIM-PF6 .

(a) Bader’s manifold of EMIM-
PF6 .

Figure 2: The two ionic systems considered in this research: EMIM-BF4 aligned in the +y direction (top) and EMIM-
PF6 aligned in the opposite -y direction (bottom). The left column shows their ball-stick representation, whereas in the
right column the Bader’s manifolds of the non-interacting ions in the separable phase are given.
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(a) EMIM-BF4 in the +y direction (left) and the -y direction (right).

(b) EMIM-PF6 in the +y direction (left) and the -y direction (right).

Figure 3: Bader analysis of EMIM-BF4 (top) and EMIM-PF6 (bottom) for distances between dj2m and dj2c with the two
distinguishable Bader manifolds and the area separating the ions (in red). Rows and columns are as in Fig. 1. The anions
are approaching the cations following either the +y (left column), or -y direction (right column).

(a) EMIM-BF4 in the +y direction (left) and the -y direction (right).

(b) EMIM-PF6 in the +y direction (left) and the -y direction (right).

Figure 4: Bader analysis of EMIM-BF4 (top) and EMIM-PF6 (bottom) for distances below the first transition point dj2m ,
or in the indistinguishable phase. Rows and columns are as in Fig. 1. Small red and green spheres are denoting critical
points, see more details in the text. On the left (+y direction) the two ions have completely lost their initial structure, with
the imidazolium ring broken and the anion completely distorted. On the right column, corresponding to the -y direction,
the global distortion is less pronounced and the two ions are still keeping their initial structures even below dj2m . These
differences are also showing up in the charge transfer analyzed in Fig. 5, which features a large charge transfer in the +y
direction, while in the -y direction this is almost imperceptible.
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Figure 5: Interaction energies as a function of distance (as in Fig. 1), their Coulomb (dark green stars) and non-Coulomb
parts (light green pluses) for EMIM-BF4 (top panels) and EMIM-PF6 (bottom panels). Vertical dotted lines are marking
the two distances dj2m (red) and dj2c (purple), further details on these distances are given in the text. Anion Bader charges
(diamonds) are provided on the right vertical axes. Rows and columns are as in Fig. 1. Left panels correspond to the
approach along the +y direction, whereas right panels to the -y direction.

Figure 6: Lennard-Jones fits (green curves) to Energy from Eq. (9). Simulation results are represented by pluses (colors
refer to the system, i.e. red for EMIM-BF4 and blue for EMIM-PF6 ), while the four LJ fits (recall Sec. 2) are represented
with 4 different green lines (dotted, dashed-dotted, dashed and continuous respectively). The exponents of the fits are given
in the legend as well in Tab. 1. As in Figs. 1 and 5, the top panel is EMIM-BF4 while the bottom panel is EMIM-PF6 .
Left/right panels correspond respectively to the approach along the +y/-y directions. The vertical lines represent dj2m (red)
and dj2c (purple).
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(a) Interaction energies from simulations (open circles) compared to our decomposition (recall Sec. 2). The sum, in blue, of three
components (namely the Coulomb component from Eq. (3) in cyan, the vdW component from (5) in green and the better fitting
LJ component from either Eq.(10), (13) or (21) in magenta) perfectly matches the simulations results (open circles).

(b) Forces components resulting from our decomposition (recall Sec. 2): Coulomb force from Eq. (4) in cyan, the vdW component
from (6) in green and the better fitting LJ component from either Eq.(11), (18) or (26) in magenta.

Figure 7: Interaction energies (top) and forces (bottom) and their components according to our decomposition in Sec. 2.
Cyan/dashed-Coulomb component, green/dashed-van der Waals component, purple/dashed-best Lennard-Jones fit (always
LJ3), and blue/full-their sum. Top/bottom panels represent results for EMIM-BF4 /EMIM-PF6 in red/blue. Left/right
panels correspond respectively to the approach along the +y/-y directions. The vertical lines represent dj2m (red) and
dj2c (purple).
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(a) Ab-initio calculated separation area between the ions for EMIM-BF4 (red) and EMIM-PF6 (blue) as a function of distance
(left) and force or load (right). The inset in right panel shows a magnification around the origin.

(b) Results of fitting procedure Eq. (31). Numerical results are given in Tab. 2. Left: linear relation between the two logarithms.
Right: same relation on a linear scale. Top: EMIM-BF4 , bottom: EMIM-PF6 .

Figure 8: Our procedure reveals an universal behavior independent of the system, direction and fitting method. Full/empty
triangles denote respectively fitting methods 3 and 4 while the orientation of triangles is in accordance with the direction
of the approach along the y-axis.
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